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Abstract 

We calculate the Casimir-Polder intermolecular potential using an effective Hamiltonian recently 
introduced. We show that the potential can be expressed in terms of the dynamical polarizabilities 



in 



' of the two atoms and the equal-time spatial correlation of the electric field in the vacuum state. 

m ' 

This gives support to an interesting physical model recently proposed in the literature, where 

O , 

the potential is obtained from the classical interaction between the instantaneous atomic dipoles 
induced and correlated by the vacuum fluctuations. Also, the results obtained suggest a more 
' general validity of this intuitive model, for example when external boundaries or thermal fields are 

present. 
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Casimir-Polder forces are long-range intermolecular forces between neutral atoms or 
molecules arising from their common interaction with the electromagnetic radiation field 

[in fl 

[l|, |2j. They have also been measured with good precision |3[. Casimir-Polder forces are 
among the few unambiguous manifestations of the quantum nature of the electromagnetic 
field jj, |5( , and they are also the microscopic basis of the Casimir effect . Thus it 

is very important to consider physical models which allow to understand the origin of these 
forces, and many efforts have been devoted to this subject (see || and references therein). 
In the models proposed, the origin of the Casimir-Polder force is traced back to the vacuum 
fluctuations or to the radiation reaction field, or to a combination of them. 

An interesting heuristic model has been proposed by Power and Thirunamachandran, 
which involves the spatial correlations of vacuum fluctuations 10]. Their picture, which 
conceptually derives from the quantum theory of London dispersion forces, traces the origin 
of the Casimir-Polder potential back to the instantaneous dipole moments of the two atoms 
which are induced by the vacuum fluctuations. The induced dipoles are correlated because 
vacuum fluctuations have spatial correlations [ill, and this yields a nonvanishig average 
dipole-dipole interaction, although the average value of the induced dipoles vanishes. Us- 
ing this picture, Power and Thirunamachandran in were able to obtain the complete 
Casimir-Polder potential, both in the socalled near and far zones. This physically transpar- 
ent approach to the Casimir-Polder potential has also been generalized to the three-body 
component of the potential in the case of three ground state atoms in vacuo l^ . 

In this paper, we show that the above mentioned approach to the Casimir-Polder poten- 
tial in terms of the spatial correlations of vacuum correlations, originally introduced as an 
intuitive physical model, can be derived rigorously from the Hamiltonian of the two atoms 
interacting with the radiation field. This gives further support to the validity of this model, 
and also indicates that this validity can be further extended for example to the case of the 
Casimir-Polder potential at finite temperature or in the presence of boundary conditions. 
Casimir-Polder interactions at finite temperature or with external boundaries have recently 
received great attention in the literature 14, 3|- 

In the multipolar coupling scheme and within the dipole approximation, the Hamiltonian 
describing two atoms A and B interacting with the radiation field is 
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H = E hUkatjCikj + Hf tom + H* tom - A ■ d(r A ) - ■ d(r B ) (1) 

where t a , r B are the positions of the two atoms, \x indicates the atomic dipole moment and 
d(r) = X)ki dki( r ) is the transverse displacement field, which, in this coupling scheme, is the 
momentum conjugate to the vector potential [^J. 

We are interested in the Casimir- Polder potential for a pair ground-state atoms. In it 
has been shown that this kind of calculation can be considerably simplified using an effective 
Hamiltonian that can be obtained from the Hamiltonian ([TJ. This effective Hamiltonian, 
which is equivalent to the original one, is quadratic in the field operators; the effective 
interaction term is 

H mt = H? nt + Hg t = ~ E Mk)d kj (r A ) ■ d(r A ) -W a B (k)d kj (v B ) ■ d(r B ) (2) 

kj kjf 

a(k) is the atomic dynamic polarizability 
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where hck m0 = E m — E is the transition energy from the atomic state m to the ground 
state and /-i m0 are the matrix elements of the atomic dipole moment operator. 

We can calculate the Casimir-Polder interatomic potential in two steps: we first obtain 
the dressed ground state of one atom (A), as if the other atom were absent, and then we 
evaluate the interaction between atom B and the virtual photon cloud dressing atom A. 
This second step is equivalent to calculating the average value of the effective interaction 
Hamiltonian H^ nt pertaining to atom B on the dressed ground state of A. A similar approach 
has already been used for the special case of the Casimir-Polder potential in the socalled far 
zone 

At the lowest order in the atomic polarizability, the dressed ground state of atom A can 
be obtained by a straightforward perturbation theory 
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where Qa indicates the bare ground state of atom A and kj are photon states. In order to 
calculate the expectation value of the effective Hamiltonian (J2J) describing the interaction of 
atom B with the radiation field, we first evaluate the following quantity 
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(d a I d kj (r B ) ■ d(r B ) | g A ) = J2 -j—g {oc A {k) + a A (k')) 

(e k ,-e kY ) 2 e^ k+k ')-( r — ) + c.c. (5) 



We now use this expression to obtain the interaction energy between the two atoms A 
and B, given by 

Em = ~7;J2 a B(k)(g A I d kj (r B ) ■ d(r B ) | g A ) (6) 
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After some algebra, we obtain 



2ir 2 hc ( 1 k' 2 

E int = —J2k(e kj ) m (e k] ) e e ik - R f -^(fe)^ — _ ^ (g ky ) m {e^ r ) t ^^a B {k') 

+ ^E^^(^Y) m (^),e 4k '- R ^(^)«B(^)) +c.c. (7) 

k'i' / 

where R = — is the distance between the two atoms. After evaluation of polarization 
sums and angular integrations, the term inside the main brackets in (|7J) becomes 



I 1 / r°° k! r°° k! \ 

Y^Fhn,-^[oi A {k) J dk' _ sin k'R a B {k') + J dk' -r^ _ fe2 sin k'R a A (k')a B (k') j 

(8) 

where 

(V^-^V™)" (9) 

is a differential operator acting on the coordinate R. 

Using a(&) = a(— k) and the analytical properties of the dynamical polarizability, the 
following integrals are easily evaluated 

^a B {k) cos{kR) (10) 

7T 

— a A {k)a B {k) cos(kR) (11) 



/ dk'— — smk'Ra B (k') 

Jo k A — k z 

POO fc 1 

/ dk'-rn — U2 sm k'R OL A (k!)a B (k') 
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and eq. (jHJ) becomes 
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^a A (k)a B (k)Fl^^ (12) 

Z7T ri 

Substitution into eq. (JZJ) yields the following expression for the interaction energy between 
the two atoms 

Eint = ^* h: (e*) m (e kj ) £ k^ R a A (k)a B (k) (_J&^) j (13) 

Inspection of the form (j!3|) of the Casimir-Polder potential shows that it can be written 
in the following form 



E int = ^ ( E (< 0fc I (^'ML KM), I O k )a A (k)a B (k)V em (k, R = r B - r A ))j (14) 
where 

2nTic 

(On | (dy(r fl )) m (dy(r A )) / | fc > = — (e kj ) m (e^fce** (15) 

is the equal-time spatial correlation function of the electrical field in the (bare) vacuum state 
and evaluated at the position of the two atoms. The quantity 



V £m (k,R) = -F £ l 



cos kR 
R 

cos kR / „ „~ - \ ( sin kR cos kR y 



= e [[5 im - ReR m j - [5 tm - 3R e R m ) + j j (16) 

is the classical electrostatic interaction energy between two dipoles oscillating at frequency 
ck 3- 

The form (fT4*j) of the Casimir-Polder potential, which we have derived from the basic 
Hamiltonian of the atom-radiation interaction, coincides with the heuristic expression as- 
sumed on the basis of physical considerations by Power and Thirunamachandran in jioj . 
Therefore, our results justify the validity of their physical model, which traces the origin of 
the Casimir-Polder potential back to the classical electric interaction between the two atomic 
dipoles, induced and correlated by the vacuum fluctuations. Furthermore, our results, al- 
though explicitly derived for the case of two atoms in vacuo at zero temperature, suggest 
that the model might be valid also in more complicated situations, such as in the presence 
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of boundary conditions (conducting plates or dielectrics) or at nonzero temperature. In 
fact, we expect that in these cases we should simply substitute the spatial correlation of the 
electric field in the vacuum state with that calculated with the specific boundary conditions 
considered or in a thermal state of the field. 
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